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Collective states of even-even nuclei in v-rigid quadrupole Hamiltonian with Minimal Length under the sextic potential

L Introduction

the main aims

m we study the collective states of even-even nuclei in ~-rigid
mode within the sextic potential and the Minimal Length
(ML) formalism in Bohr—Mottelson model. The eigenvalues
problem for this latter is solved by means conjointly of
Quasi-Exact Solvability (QES) and a Quantum Perturbation
Method (QPM).

m We study the effect of ML on the energy spectra,on the
transition rates,on the shape phase transition within an
isotopic chain and on the moments of inertia.

m The model is conventionally called X(3)-SML.
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L Introduction

The Bohr-Mottelson Hamiltonian [1, 2] :

h? 1 9 o)

Hg = il

B~ 2B [54 8ﬁﬁ 85 625|n3*y Oy n3787
1 &

ﬂ V(B (1)

452 k=1,2,3 sin2 (’)’ — %7’[‘/(
The Minimal Length or Generalized Uncertainty Principle (GUP)
[X, Pl = ih (1+a?P?), (2)

Where « represents the ML parameter ( is very small positive
parameter), this commutation relation leads to the uncertainty
relation

(AX)(AP) > g (1 + a(AP)? + r) ,7 = a(P)? (3)
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L Theory of the model
y

The application of ML to y—rigid

h? ah*
g+ SE AT V(B) —E[v(B.0.¢)=0.  (4)
with 19 A
Q
— S — 5
- 5570 ©)
where Agq is the angular part of the Laplace operator checking
L(L+1
naYiu(0,6) =~y 0.0), )
By considering the auxiliary wave function as in [3]
¥(8,0,6) = |1+ 202D F(B)Yim (6 6), (7)

which leads to the following
1d,d L(L+1) 2B E—V(p) B
ap (Tgae Vo)) O o

_l_ -
B2dp” dp 332 h?
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L Theory of the model
y

The expansion of the second term in power series of «
(1+4Ba(E — V() ' ~1-4Ba(E - V(B)), (9)
The radial part becomes :
H + HP| F(8) = EF(8). (10)

where

0) _  nm2[1 dap2d L(L+1)
{ HY = ~35 | ds 85 — "5 — V(9)] (11)

HY = 4Ba(E — V(8))?
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L Theory of the model
y

Solutions of -equation for & = 0 within QES

The Schrodinger picture of the radial equation. This is realized

easily by changing the unperturbed wave function F(9)(3) by % :
d>  L(L+1 2B 2B

[_d62 - (352 ) | v(ﬁ)} §(B) =e8(B),e = S5 E,v(B) =7V (B)
(12)

v(B) = [bz’ —4a(s + % + M’)} (% + 2abs* + a%° (13)

1 3 _L(L+1) . 1 ' _
(25_2) (25_5)_T,_s+§+/w = const = c. (14)

(M, L) : (k,0), (k —1,4),(k —2,8)... = k+ 2 = c0 . (15)
(M, L) : (k,2), (k —1,6), (k —2,10).... = k + £ = c{¥). (16)
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L Theory of the model
y

Solutions of -equation for & = 0 within QES

The sextic potential equation (12) can be more simplified by
reducing the number of parameters through the change of variable
B = ya—'/* and adopting the notations ¢ = b/\/a and ¢, = ¢/\/a :

d>  LL+1) ] (0)
a2 37_)/2+Vm W17 (y) =en(y) (17)

where,

v (y) = (0% — 4c)y? + 20y* +y® + ul(0) m=0,2. (18)

by considering the ansatz function :

/ L 4 o 2
1Oy) =0 (v) = Nut P (v2) yitte 5% n=0,1,2,
(19)

Collective states of even-even nuclei in ~-rigid quadrupole Hami



Collective states of even-even nuclei in v-rigid quadrupole Hamiltonian with Minimal Length under the sextic potential
L Theory of the model
y

Solutions of -equation for & = 0 within QES

Eq. (17) with potential (18) is reduced to the equation

d? 4s' — 1 d d (M) [ 2
S+ 2= +20—|P
[ (dy2+ y dy)+ Qdy] i (v

+2y? <yczl/ - 2M’> PI (v2) = APUD () (20)

N———

A= 280 =2 — a6 — 0 - ¢ (5-1). @)

<y2>n,L 2
Finally,
2
© _ _PValiw () 1 L(L_ )

(22)
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L Theory of the model
y

Correction to the energy spectrum of system by QPM

In the perturbation theory
EC = EQ) + AE,, (23)
where
AE,, _/at [ 124 40yT042 (29 +A(k)> Y842 (2Q2A( ) (OZ)F
+ (A7 — a0si%) ¥ - 240057 + (u0) <) | 29)
where A(k) = ( 2 )

(0) )‘ng( )+Q(L+3)‘|‘ o 21>HLL (L - 1), k = \/aa is the new
ML parameter and yf(t = 2,4,6,8,12) are the mean value of y?
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L Theory of the model
y

Correction to the wave function of system by QPM

ST (y) = i)+
> {fo i) (n, 0,680, AR 1)y )dy] 0

nk,L(Y)v (25)

0 0
i nd — Skl
where
0 (n, 0,0, ARY) = 2682 |12 1 40y1® + 2 (267 + ALY

2 (202~ )y + (A~ 40s) * — 2490y

+ (90 -<%) ] o)
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L Numerical results and discussion
LTheoreticaI aspects of the ML for X(3)-Sextic

R.. and B(Ep)

C orr Corr
E, E070

RnL = ECO”—E(%’” (27)
6 - B<E2;n;L—> i) (RIS
B E2 = 7 )
Tt 1/ B(E2;0;2 — 0,0) Cooolocgrgo
(28)
where the radial matrix element ’nC‘Z"nf L/ can be given either in
or y variable :
L= o FRT ()R (8)5%dB
=a Vs yn g (B)dy. (29)
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L Numerical results and discussion
|—Theoretical aspects of the ML for X(3)-Sextic

The sextic potential

FIGURE: The shape evolution of the sextic potential véz)(y), given by

(18), as a function of the parameter o for c((,Z) = % and u(()z) =0.
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L Numerical results and discussion

|—Theoretical aspects of the ML for X(3)-Sextic
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The ML eliminate partially this approximate degeneracy.
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L Numerical results and discussion
|—Theoretical aspects of the ML for X(3)-Sextic

The corrected wave function

65 (y) n55"(y)

¢ o Y
— k=0.00__ x=0.03

£=0.01" k=0.15

----- X3) _ k=03

— Kk=0.00 __ =0.03

— Kk=0.15
k=0.01

- X(3) — k=03
----------- 0=6

k=001

/ o5 ¢ oY «f 7 X@) — x=0.3
2
-

As a result the value (x = 0.03) shows the limitation of the
perturbation term.
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus

Ro4 Rio Roo o 0 K

116Xe

2.33
244 287 7.65 248 - 0.0
2.28 2.25 4.75 6.62 0.0

)-SML 220 2.16 4.69 0.68 18.30 0.0016

8%e Exp 2.40 2.46 (5.10)
X(3) 244287 765 099 - 00
X(3)-S 2,61 2.71 6.01 416 0.0
X(3)-SML 2.352.41 5.84 0.29 14.96 0.0070

0%e  Exp 2.47 2.82 (6.93)
X(3) 244287 765 099 - 0.0
X(3)-S 2.732.88 6.45 379 0.0
X(3)-SML 2.40 250 6.22 0.36 14.89 0.0097

22%e  Exp 2.50 3.47 (7.63)
X(3) 244287 765 036 - 00
X(3)-S 2.633.29 7.72 211 0.0
X(3)-SML 272313 7.56 0.23 2.71 0.0020
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ros Rio Ropo o 0 K
T2%Xe  Exp 2.48 3.58 (6.70)
X(3) 244287 765 071 - 0.0
X(3)-S 2.70 3.01 6.91 299 0.0
X(3)-SML 2.44 257 6.54 0.49 13.03 0.0132
6Xe  Exp 2.42 3.38 (6.57)
X(3) 244287 7.65 085 - 0.0
X(3)-S 272 2.86 6.40 3.83 0.0
X(3)-SML 2.38 2.48 6.12 0.47 14.92 0.0090
8BXe Exp 2.33 3.57 (5.87)
X(3) 244287 765 077 - 0.0
X(3)-S 2.66 2.78 6.19 400 0.0
X(3)-SML 2.66 2.78 6.19 0.44 400 0.0
B30Xe Exp 2.25
X(3) 244287 765 077 - 0.0
X(3)-S 2.41 243 526 518 0.0
X(3)-SML 241243 526 0.55 518 0.0
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ros Rio Roo o 0 K
WMo  Exp 2.121.30
X(3) 244 287765 1.63 - 0.0
X(3)-S 2.20 2.14 4.44 8.63 0.0
X(3)-SML 2.15 2.10 4.43 0.39 38.20 0.0005
Mo Exp 2.512.35
X(3) 2.44 2.87 7.65 0.56 - 0.0
X(3)-S 2.67 3.00 7.16 265 0.0
X(3)-SML 2.50 2.72 6.99 0.27 5.32 0.0104
%®Ru  Exp 2.14 2.03
X(3) 244 287 7.65 1.48 - 0.0
X(3)-S 2.21 2.15 4.46 8.44 0.0
X(3)-SML 2.17 2.12 4.47 0.04 16.00 0.0010
™Ru  Exp 2.27 2.10
X(3) 2.44 287 7.65 0.65 - 0.0
X(3)-S 2.58 2.66 5.89 428 0.0
X(3)-SML 2.33 2.37 5.60 0.14 10.95 0.006
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ros Rio Rop o 0 K
2Ru Exp 2.33 1.99
X(3) 244 287 765 086 - 0.0
X(3)-S 250 2.55 5.59 463 0.0
X(3)-SML 2.32 236 5.39 0.17 12.68 0.0057
%Ry Exp 2.48 (2.76)
X(3) 244 287 7.65 0.69 - 0.0
X(3)-S 274 292 658 362 0.0
X(3)-SML 253 262 6.47 0.25 5.42 0.0071
®Ru Exp 2.66 3.67
X(3) 244 287 765 083 - 0.0
X(3)-S 255 4.10 9.36 1.16 0.0
X(3)-SML 2.65 3.67 9.03 0.13 1.61 0.0027
TRu  Exp 2.75 4.03
X(3) 244 287 7.65 151 - 0.0
X(3)-S 249 475 10.43 0.73 0.0
X(3)-SML 2.67 4.01 10.29 0.16 1.27 0.0061
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ros Rio Ropo o 0 K
132Ce  Exp 2.64 3.56
X(3) 244287 765 079 - 0.0
X(3)-S 2.65 3.18 7.43 236 0.0
X(3)-SML 2.49 2.66 6.95 0.55 16.11 0.0173
3Ce  Exp 2.56 3.75
X(3) 244287 7.65 046 - 0.0
X(3)-S 2.61 3.42 8.01 1.89 0.0
X(3)-SML 2.653.32 7.95 0.24 2.10 0.0010
I20s  Exp 2.66 3.33
X(3) 244287 7.65 158 - 0.0
X(3)-S 2.652.77 6.16 402 0.0
X(3)-SML 2.352.41 5.78 0.70 11.17 0.0072
Pt Exp 2.68 3.12 (7.69)
X(3) 244287 7.65 103 - 0.0
X(3)-S 2.56 3.92 9.03 131 0.0
X(3)-SML 2.86 3.22 8.52 0.27 3.05 0.0085
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ros Ri0 Roo o 0 K
2Py Exp 2.71 3.22 (7.43)
X(3) 244287 765 1.04 - 0.0
X(3)-S 2.57 3.88 8.95 1.35 0.0
X(3)-SML 2.90 3.17 8.37 0.28 3.67 0.0099
Bipt  Exp 2.67 3.02
X(3) 244287 765 083 - 0.0
X(3)-S 2.57 3.79 8.77 1.44 0.0
X(3)-SML 2.85 3.18 8.33 0.23 3.18 0.0078
Pt Exp 2.56 2.46
X(3) 244287 765 092 - 0.0
X(3)-S 2.68 3.04 7.03 228 0.0
X(3)-SML 2.56 2.69 6.88 0.40 5.59 0.0105
B8Pt Exp 2.53 3.01
X(3) 244287 765 036 - 0.0
X(3)-S 2.65 3.17 7.39 240 0.0
X(3)-SML 2.63 2.77 7.00 0.15 4.76 0.0082
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ros Ri0 Ropo o 0 K
Pt Exp 2.47 3.23
X(3) 244287 765 018 - 0.0
X(3)-S 2.64 3.86 7.55 225 0.0
X(3)-SML 2.67 3.13 7.30 0.16 2.53 0.0002
9Pt Exp 2.47 3.19
X(3) 244287 7.65 044 - 0.0
X(3)-S 272296 6.76 325 0.0
X(3)-SML 261273 655 0.26 4.53 0.0043
Nd  Exp 2.30 2.02
X(3) 244287 765 167 - 0.0
X(3)-S 2.342.32 4.96 5.88 0.0
X(3)-SML 2.24 222 4.93 0.57 13.12 0.0026
Nd  Exp 2.49 3.04 (5.30)
X(3) 244287 765 140 - 0.0
X(3)-S 2.612.71 6.02 415 0.0
X(3)-SML 252259 599 0.38 4.82 0.0025
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus Ro’4 Rl,o ngo o Y K
PONd  Exp 2.93 5.19 (13.35)
X(3) 244287 765 200 - 0.0
X(3)-S 2.49 4.75 10.43 073 0.0
X(3)-SML 2.733.78 10.00 0.80 1.56 0.0074
™0Sm  Exp 2.32 222 (3.76)
X(3) 244287 765 198 - 00
X(3)-S 2.36 2.36 5.07 558 0.0
X(3)-SML 223222 495 0.33 21.80 0.0021
B2Sm  Exp 3.01 5.62 8.89
X(3) 244287 765 162 - 0.0
X(3)-S 2.55 410 9.36 1.16 0.0
X(3)-SML 2.953.24 891 126 3.70 0.0287
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L Numerical results and discussion

LComparison with experimental data

Energy Spectrum

Nucleus R0,4 R170 R270 o % K
5%Gd  Exp 3.01 5.53 9.60
X(3) 244287 765 151 - 0.0
X(3)-S 2.53 4.33 9.75 0.99 0.0
X(3)-SML 2.97 3.28 9.21 1.14 3.68 0.0165
8Dy Exp 2.93 4.90 10.00
X(3) 244287 765 128 - 0.0
X(3)-S 2.534.31 9.71 1.01 0.0
X(3)-SML 2.96 3.26 9.04 0.99 3.65 0.0148
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L Numerical results and discussion

LComparison with experimental data

The ML effect on the shape phase transition

105 110 115 86 87 88 89
6 6 14
s s 12
. /0 . 10 ——X@)-SML g
3 7. \ 7 —— X(3)-5
8 8
Qsle” Y 3 Q
6 6
2 2
4 4
—— X(3)-5
1 1 5 2
—e— X(3)-SML
0 0 0 0
105 110 115 86 87 88 89 %
2 62 64 66 68 70 72 74 54 56 58 60 62 64
15 15
15
—— X(3)-SML
—o— X(3)-SML 0 i
—o— X(3)-S
Q O o x(3)-s 10 Q
s \ 5 5 5
ok, . . . . . . Jo ok, . . . , i)
62 64 66 68 70 72 74 76 54 56 58 60 62 64
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L Numerical results and discussion

|—Comparison with experimental data

The moment of inertia of the ground state

The moment of inertia of the ground state [4] :

0()_5_1dEN 2L —1
T w  2dR?2 T E(L)—E(L-2)

JRP=1L(L+1). (30)

2 4 6 8 10 2 4 6 8 10
5 5 e Exp
* B d P — x@)-s #e
4 4
— X(3)-S
@ 20F — X(3)-SML 20
— X(3)-SML
T T i ’
(85} S5}
2 2 10 1.0
1 1 0.5 0.5
98Ru 184Pt
0 0 00k, . —— oo
2 4 6 8 10 2 4 6 8 10
L L
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L Conclusion

Conclusion

m The Bohr-Mottelson Hamiltonian in the v-rigid regime within
the Minimal Length (ML) formalism with sextic potential
have been solved conjointly by mens of QES and QPM .

m The new elaborated model has allowed us to reproduce well
the experimental data for energy ratios, transition rates and
moments of inertia.

m the ML removed partially the degeneracy of states with
different angular momenta AL = 2 belonging to different
bands in the critical point.

m The ML changed dramatically the shape phase transition
within an isotopic chain.
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L Conclusion

Perspectives

m consider the quasi-exact solvability orders k > 2 for
X(3)-Sextic in the presence of ML and to verify whether the
theoretical results will be improved more than in the case of
k=2.

m correct the energies and the wave functions to the second
order instead of the first one, and to study its effect on the
energy ratios and transition rates.
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